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Abstract
The classic definition of line integral of one-forms does not apply when the line is not smooth.
In this article it is analyzed from the point of view of measure theory, the problem of approximating a
line integral using the quotient of Newton instead of the derivative.
The expected value of a certain scheme of approximation of line integrals of closed one-forms, with
respect to the Wiener measure, is computed. In particular, if a form is harmonic, then the expected value of
the line integral is Zero.
© 2006 Elsevier Masson SAS. All rights reserved.
Résumé
La définition classique de l’intégrale de ligne des un-formes ne s’applique pas quand la ligne n’est pas
lisse.
En cet article elle est analysée du point de vue de la théorie de mesure, le probleme de rapprocher une
intégrale de ligne en utilisant le quotient de Newton au lieu du dérivé.
La valeur prévue d’un certain arrangement d’approximation des intégrales de ligne des un-formes fer-
mées, en ce qui concerne la mesure de Wiener, est calculée. En particulier, si une forme est harmonique,
alors la valeur prévue de l’intégrale de ligne est zéro.
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The classic definition of line integral of one-forms does not apply when the line is not smooth.
What as much can a line integral be approximated by using the quotient of Newton instead of the
derivative?
In this article, this problem is analyzed from a point of view of measure theory considering
the space of continuous lines in a manifold.
It is demonstrated that the expected value of a certain scheme of approximation of line inte-
grals of closed one-forms β , with respect to the Wiener measure, converges to the integral over
the interval of the parameter, of the expected value of the adjoint δ of the exterior derivative,
applied to the one-form. Symbolically,
E
[∫
w
β
]
∼
T∫
0
E
[
δβ(w)
]
.
Notice that if the form is harmonic, then the expected value of the line integral is Zero.
This result (Theorem 1) is interpreted as the expected value of the path integral of Brownian
motion on a Riemannian manifold, which is in fact a non trivial consequence of Itoˆ’s integral.
Another result proved in the paper, Theorem 2, is that if the denominator of the quotient
of Newton is risen to a power smaller than 1/2, and if the line integral of a harmonic form is
approximated using this new quotient, then for almost all continuous lines, the inferior limit of
this scheme of approximation is Zero.
2. Main theorems
2.1. Synopsis
1. We compute the line integral of closed one-forms using a partition of unity and computing
the limit of the quotient of Newton corresponding to the functions whose exterior derivative
is locally equal to the form. This calculation allows to define an approximation to the line
integral of one-forms.
2. We compute the expected value of an approximation to the line integral of the form with
respect to the Wiener measure.
3. A pseudo approximation to the line integral of closed one-forms is an approximation in
which the denominator of the quotient of Newton is risen to an exponent smaller than 1/2.
Almost all the functions in the space of Wiener are such that the inferior limit of the absolute
value of the pseudo approximation to the line integral of a harmonic form is Zero.
Consider
• a compact Riemannian manifold M ,
• a covering {Vα} of M ,
• a partition of unity {fα} subordinate to the covering {Vα},
• a collection of smooth functions ξα :M → R, and
• a closed one-form β .
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so that there exist a neighborhood U of x, and a function ξ such that the form β is the exterior
derivative of ξ , β = dξ , in the neighborhood U .
Suppose that every α is so that
dξα = β, in Vα. (1)
Next consider a smooth path in the manifold. The corresponding line integral of β can be
computed as an integral of the sum of the parts of unity, times the limit of the quotient of Newton
of the functions ξα along the path.
Lemma 1. Consider a smooth function w : [0, T ] → M . Then,
∫
w
β =
T∫
0
∑
α
fα
(
w(t)
)
lim
h→0
ξα(w(t + h)) − ξα(w(t))
h
dt.
We denote by dx – the Riemannian volume measure, δ – the adjoint of d ,  – the Laplacian
acting on C∞(M), and ps(x, y) – the fundamental solution to the heat equation
∂u/∂s = 1
2
u. (2)
Consider an element (, o) ∈ (0,∞) ×M .
We denote by W([0, T + ];M) = {w : [0, T + ] → M: w(0) = o and w is continuous},
I −L2(M,dx) → L2(M,dx) the identity, P −L2(M,dx) → L2(M,dx) the projection on con-
stants, e− s2  – the operator acting on L2(M,dx), with integral kernel ps(x, y), and ν – the
Wiener measure associated to M .
We compute the expected value of an approximation to the line integral of the form with
respect to the Wiener measure.
Theorem 1.
lim
h→0
∫
W([0,T+];M)
T∫
0
∑
α
fα
(
w(t)
)ξα(w(t + h)) − ξα(w(t))
h
dt dν(w)
= (T P + 2(P − )−1(e− T2  − I))δβ(o)/2.
Almost every element of the space of Wiener is so that the inferior limit of the absolute value
of a pseudo approximation to the line integral of harmonic one-forms is Zero.
Theorem 2. Suppose that the collection of functions {ξα} is so that
∀α: ∀v ∈ Vα: ξα(v) = 0. (3)
Then, every γ < 1/2 is so that for almost every w ∈ W([0, T + ]; M),
lim inf
h→0
∣∣∣∣∣
T∫
0
∑
α
fα
(
w(t)
)ξα(w(t + h)) − ξα(w(t))
hγ
dt
∣∣∣∣∣= 0.
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w
β =
∫
w
∑
α
fαβ =
∫
w
∑
α
fα dξα (by (1))
=
T∫
0
∑
α
fα
(
w(t)
)dξα(w(t))
dt
dt
=
T∫
0
∑
α
fα
(
w(t)
)
lim
h→0
ξα(w(t + h))− ξα(w(t))
h
dt. 
3. Proof of Theorem 1
Let us compute the integral of the operator of heat applied to a function of integrable square.
Lemma 2.
∀l ∈ L2(M,dx):
T∫
0
e−
t
2 l dt = (T P + 2(P −)−1(e− T2  − I))l. (4)
Consider an eigenfunction ωi of the Laplace operator. Let us compute the integral of the
operator of heat applied to ωi . We denote by λi the eigenvalue of ωi . Then,
T∫
0
e−
t
2 ωi dt =
T∫
0
e−
t
2 λiωi dt
=
{
T ωi, if λi = 0,
−2λ−1i (e−
T
2 λi − 1)ωi, if λi = 0.
=
{
T Pωi, if λi = 0,
2(P −)−1(e− T2  − I )ωi, if λi = 0.
Therefore,
T∫
0
e−
t
2 ωi dt =
(
T P + 2(P −)−1(e− T2  − I))ωi.
Lemma 3.
∀c ∈ C∞(M): lim
h→0h
−1(e− h2  − I)c = c/2. (5)
lim
h→0h
−1(e− h2  − I)c = ∂e− t2 c
∂t
∣∣∣∣
t=0
= e− t2 c/2|t=0 (by (2))
= c/2.
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functions ξα , is equal to the adjoint of the exterior derivative applied to the form β .
Lemma 4.∑
α
fαξα = δβ. (6)
By definition (see [4, p. 21]),∑
α
fαξα =
∑
α
fαδ dξα
=
∑
α
fαδβ (by (1))
= δβ,
since {fα} is a partition of unity.
Lemma 5.
1. ∀α and ∀(h, t) ∈ [0, ] × [0, T ]:∫
W([0,T+];M)
fα
(
w(t)
)(
ξα
(
w(t + h))− ξα(w(t)))dν(w)
= e− t2 fα(o)
(
e−
h
2  − I)ξα(o).
2. ∀α and ∀h ∈ [0, ]:
T∫
0
∫
W([0,T+];M)
fα
(
w(t)
)(
ξα
(
w(t + h))− ξα(w(t)))dν(w)dt
= (T P + 2(P −)−1(e− T2  − I))fα(o)(e− h2  − I)ξα(o).
3. ∀α:
lim
h→0
T∫
0
∫
W([0,T+];M)
fα
(
w(t)
)ξα(w(t + h)) − ξα(w(t))
h
dν(w)dt
= (T P + 2(P −)−1(e− T2  − I))fα(o)ξα(o)/2.
4.
∑
α
lim
h→0
T∫
0
∫
W([0,T+];M)
fα
(
w(t)
)ξα(w(t + h)) − ξα(w(t))
h
dν(w)dt
= (T P + 2(P −)−1(e− T2  − I))δβ(o)/2.
44 J.L. Martínez-Morales / Bull. Sci. math. 131 (2007) 39–52By Lemma 13,∫
W([0,T+];M)
fα
(
w(t)
)(
ξα
(
w(t + h))− ξα(w(t)))dν(w)
= e− t2 fα(o)
[
e−
h
2 , ξα(o)
]
1 = e− t2 fα(o)
(
e−
h
2  − I)ξα(o),
by Lemma 15.2.
2. It is consequence of 1 and (4).
3. It is consequence of 2 and (5).
4. It is consequence of 3 and (6).
Proof of Theorem 1. By (11),
lim
h→0
∫
W([0,T+];M)
T∫
0
∑
α
fα
(
w(t)
)ξα(w(t + h)) − ξα(w(t))
h
dt dν(w)
= lim
h→0
T∫
0
∫
W([0,T+];M)
∑
α
fα
(
w(t)
)ξα(w(t + h))− ξα(w(t))
h
dν(w)dt
= (T P + 2(P − )−1(e− T2  − I))δβ(o)/2,
by Lemma 5.4. 
4. Proof of Theorem 2
Lemma 6. ∀h ∈ [0,min{T , }]:
T∫
0
T∫
0
∫
W([0,T+];M)
2∏
i=1
∑
αi
fαi
(
w(ti)
)(
ξαi
(
w(ti + h)
)− ξαi (w(ti)))dν(w)dt1 dt2
 (−h2 + 2T h)
(
sup
(x,y)∈M×M
∣∣∣∣∑
α
fα(x)
(
ξα(y) − ξα(x)
)∣∣∣∣
)2
. (7)
T∫
0
T∫
0
∫
W([0,T+];M)
2∏
i=1
∑
αi
fαi
(
w(ti)
)(
ξαi
(
w(ti + h)
)− ξαi (w(ti)))dν(w)dt1 dt2
=
∫
{(t1,t2)∈[0,T ]×[0,T ]: |t1−t2|>h}
. . . dt1 dt2 +
∫
{(t1,t2)∈[0,T ]×[0,T ]: |t1−t2|h}
. . . dt1 dt2
=
∫
{(t1,t2)∈[0,T ]×[0,T ]: |t1−t2|h}
. . . dt1 dt2,
by Lemma 14.2. Therefore,
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0
T∫
0
∫
W([0,T+];M)
2∏
i=1
∑
αi
fαi
(
w(ti)
)(
ξαi
(
w(ti + h)
)− ξαi (w(ti)))dν(w)dt1dt2

∫
{(t1,t2)∈[0,T ]×[0,T ]: |t1−t2|h}
∫
W([0,T+];M)
2∏
i=1
∣∣∣∣∑
αi
fαi
(
w(ti)
)
× (ξαi (w(ti + h))− ξαi (w(ti)))
∣∣∣∣dν(w)dt1 dt2

∫
{(t1,t2)∈[0,T ]×[0,T ]: |t1−t2|h}
∫
W([0,T+];M)
(
sup
(x,y)∈M×M
∣∣∣∣∑
α
fα(x)
× (ξα(y)− ξα(x))
∣∣∣∣
)2
dν(w)dt1 dt2
= (−h2 + 2T h)
(
sup
(x,y)∈M×M
∣∣∣∣∑
α
fα(x)
(
ξα(y) − ξα(x)
)∣∣∣∣
)2
,
by (17).
The integral over the space of Wiener of the square of a pseudo approximation to the line
integral of harmonic one-forms converges to Zero.
Lemma 7.
lim
h→0
∫
W([0,T+];M)
( T∫
0
∑
α
fα
(
w(t)
)ξα(w(t + h)) − ξα(w(t))
hγ
dt
)2
dν(w) = 0. (8)
By (11), ∀h ∈ (0,min{T , }]:
∫
W([0,T+];M)
( T∫
0
∑
α
fα
(
w(t)
)ξα(w(t + h)) − ξα(w(t))
hγ
dt
)2
dν(w)
=
T∫
0
T∫
0
∫
W([0,T+];M)
2∏
i=1
∑
αi
fαi
(
w(ti)
)ξαi (w(ti + h)) − ξαi (w(ti))
hγ
dν dt1 dt2
 h−2γ (−h2 + 2T h)
(
sup
(x,y)∈M×M
∣∣∣∣∑
α
fα(x)
(
ξα(y)− ξα(x)
)∣∣∣∣
)2
,
by (7). Therefore,
lim
h→0
∫
W([0,T+];M)
( T∫
0
∑
α
fα
(
w(t)
)ξα(w(t + h)) − ξα(w(t))
hγ
dt
)2
dν(w) = 0.
Proof of Theorem 2. Almost every element of the space of Wiener is so that the inferior limit
of the square of a pseudo approximation to the line integral of harmonic one-forms is Zero.
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∫
W([0,T+];M)
lim inf
h→0
( T∫
0
∑
α
fα
(
w(t)
)ξα(w(t + h))− ξα(w(t))
hγ
dt
)2
dν(w)
 lim inf
h→0
∫
W([0,T+];M)
( T∫
0
∑
α
fα
(
w(t)
)ξα(w(t + h)) − ξα(w(t))
hγ
dt
)2
dν(w)
= 0,
by (8). Therefore, for almost every w ∈ W([0, T + ]; M),
lim inf
h→0
( T∫
0
∑
α
fα
(
w(t)
)ξα(w(t + h))− ξα(w(t))
hγ
dt
)2
= 0. 
Appendix A
Lemma 8. Consider
• a set S,
• two metric spaces S1 and S2,
• a sequence of functions fn :S → S1 so that it converges uniformly to a function f :S → S1,
and
• a uniformly continuous function g :S1 → S2.
Then, the sequence of functions {g ◦ fn} converges uniformly to g ◦ f .
We denote by di the metric of Si . The function g is uniformly continuous,
∀ ∈ (0,∞): ∃δ ∈ (0,∞): ∀(s1, s2) ∈ S1 × S1:
d1(s1, s2) < δ ⇒ d2
(
g(s1), g(s2)
)
< .
The sequence of functions {fn} converges uniformly,
∃N ∈ N: ∀n ∈ {N,1 + N, . . .}: ∀s ∈ S: d1
(
fn(s), f (s)
)
< δ.
Therefore, the sequence of the composition of functions {g ◦ fn} converges uniformly,
∀s ∈ S: d2
(
g
(
fn(s)
)
, g
(
f (s)
))
< .
Lemma 9. Consider
• an element h ∈ [0, ], and
• a sequence of continuous functions wn : [0, T + ] → M so that it converges uniformly to a
function w : [0, T + ] → M .
Then:
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α
fα
(
wn(t)
)(
ξα
(
wn(t + h)
)− ξα(wn(t))) : [0, T ] → R,
converges uniformly to ∑α fα(w(t))(ξα(w(t + h)) − ξα(w(t))).
2. Consider a sequence {tn} ⊂ [0, T ] so that it converges to t ∈ [0, T ]. Then, the sequence
{∑α fα(wn(tn))(ξα(wn(tn + h))− ξα(wn(tn)))} converges to ∑α fα(w(t))(ξα(w(t + h))−
ξα(w(t))).
3.
lim
n→∞
T∫
0
∑
α
fα
(
wn(t)
)(
ξα
(
wn(t + h)
)− ξα(wn(t)))dt
=
T∫
0
∑
α
fα
(
w(t)
)(
ξα
(
w(t + h))− ξα(w(t)))dt.
1. Consider the sequence of functions (wn(t),wn(t + h)) : [0, T ] → M × M . By hypothesis,
{(wn(t),wn(t + h))} converges uniformly to (w(t), w(t + h)).
Consider the function
∑
α fα(x)(ξα(y) − ξα(x)) :M × M → R. Since M is compact and the
functions fα and ξα are continuous,
∑
α fα(x)(ξα(y) − ξα(x)) is uniformly continuous.
By Lemma 8, where in this case (S,S1, S2, fn, f, g) = ([0, T ],M×M,R, (wn(t),wn(t +h)),
(w(t),w(t + h)), ∑α fα(x)(ξα(y)− ξα(x))), the sequence{∑
α
fα
(
wn(t)
)(
ξα
(
wn(t + h)
)− ξα(wn(t)))
}
converges uniformly to
∑
α fα(w(t))(ξα(w(t + h)) − ξα(w(t))).
2. By 1 and Theorem 7.3.5 in [6], the sequence∑
α
fα
(
wn(tn)
)(
ξα
(
wn(tn + h)
)− ξα(wn(tn)))
converges to
∑
α fα(w(t))(ξα(w(t + h)) − ξα(w(t))).
3. By 1 and Proposition 21.13 in [3],
lim
n→∞
T∫
0
∑
α
fα
(
wn(t)
)(
ξα
(
wn(t + h)
)− ξα(wn(t)))dt
=
T∫
0
∑
α
fα
(
w(t)
)(
ξα
(
w(t + h))− ξα(w(t)))dt.
Remark 1. Consider a function w : [0, T + ] → M . Then,
1. ∀(h, t) ∈ [0, ] × [0, T ]:∣∣∣∣∑fα(w(t))(ξα(w(t + h))− ξα(w(t)))
∣∣∣∣α
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(x,y)∈M×M
∣∣∣∣∑
α
fα(x)
(
ξα(y)− ξα(x)
)∣∣∣∣. (9)
2. If w is continuous, then, ∀h ∈[0, ]:∣∣∣∣∣
T∫
0
∑
α
fα
(
w(t)
)(
ξα
(
w(t + h))− ξα(w(t)))dt
∣∣∣∣∣
 T sup
(x,y)∈M×M
∣∣∣∣∑
α
fα(x)
(
ξα(y)− ξα(x)
)∣∣∣∣. (10)
Lemma 10. Consider the function f : [0, T ] ×W([0, T + ];M) → R so that
f (t,w) =
∑
α
fα
(
w(t)
)(
ξα
(
w(t + h))− ξα(w(t))).
Then, f is continuous.
By Lemma 9.2 and the Continuity Characterization 4.1(g) in [5], f is continuous.
Lemma 11. Every integrable function f : [0, T ] ×W([0, T + ];M) → R is so that ∀h ∈ [0, ]:
∫
W([0,T+];M)
T∫
0
f (t,w)
∑
α
fα
(
w(t)
)(
ξα
(
w(t + h))− ξα(w(t)))dt dν(w)
=
T∫
0
∫
W([0,T+];M)
f (t,w)
∑
α
fα
(
w(t)
)(
ξα
(
w(t + h))− ξα(w(t)))dν(w)dt.
It is consequence of Lemma 10, (9) and Fubini’s Theorem (Theorem 17.13 in [3]).
Lemma 12. ∀(n,h) ∈ N × [0, ]:
∫
W([0,T+];M)
( T∫
0
∑
α
fα
(
w(t)
)(
ξα
(
w(t + h))− ξα(w(t)))dt
)n
dν(w)
=
T∫
0
. . .
T∫
0
∑
α1
. . .
∑
αn
∫
W([0,T+];M)
n∏
i=1
fαi
(
w(ti)
)
× (ξαi (w(ti + h))− ξαi (w(ti)))dν(w)dt1 . . . dtn. (11)
Consider the function f :W([0, T + ];M) → R so that
f (w) =
T∫
0
∑
α
fα
(
w(t)
)(
ξα
(
w(t + h))− ξα(w(t)))dt.
By Lemma 9.3 and the Continuity Characterization 4.1(g) in [5], f is continuous. By (10), f is
integrable. Then, (11) is a consequence of Lemma 11.
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• an element n ∈ N, and
• an element (t1, . . . , tn) ∈ (0, T ] × · · · × (0, T ].
Lemma 13. Suppose that ∀i ∈ {1, . . . , n − 1} : ti < t1+i . Consider an element h ∈ (0, ] ∩
(0,min{t2 − t1, . . . , tn − tn−1}). Set
t0 = −h.
Then, ∫
W([0,T+];M)
n∏
i=1
fαi
(
w(ti)
)(
ξαi
(
w(ti + h)
)− ξαi (w(ti)))dν(w)
=
(
n∏
i=1
e−
ti−(h+ti−1)
2 fαi (o)
[
e−
h
2 , ξαi (o)
])
1. (12)
For all i ∈ {1, . . . , n}, set
2i−1t = ti − (h+ ti−1) and 2i t = h. (13)
Set
x−1 = o. (14)
We denote by
p2n+1t (·, x2n+1) = p1t (o, x1). (15)
By Definition 1.1 in [1],∫
W([0,T+];M)
n∏
i=1
fαi
(
w(ti)
)(
ξαi
(
w(ti + h)
)− ξαi (w(ti)))dν(w)
=
∫
M2n
n∏
i=1
fαi (x2i−1)
(
ξαi (x2i )− ξαi (x2i−1)
) 2n∏
i=1
pit (xi−1, xi) dx1 . . . dx2n
=
∫
M2n
n∏
i=1
fαi (x2i−1)
(
ξαi (x2i )− ξαi (x2i−1)
)
× p2i t (x2i−1, x2i )p2i+1t (x2i , x2i+1) dx1 . . . dx2n (by (15))
=
∫
Mn
( ∫
Mn
n∏
i=1
fαi (x2i−1)
(
ξαi (x2i )− ξαi (x2i−1)
)
p2i t (x2i−1, x2i )
× p2i+1t (x2i , x2i+1) dx2 . . . dx2n
)
dx1 . . . dx2n−1
=
∫
n
n∏
i=1
fαi (x2i−1)
(
e−
2i t
2 2i−1ξαi (x2i−1)p2i+1t (x2i−1, x2i+1)M
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2i t
2 2i−1p2i+1t (x2i−1, x2i+1)
)
dx1 . . . dx2n−1
=
∫
Mn
n∏
i=1
fαi (x2i−1)
[
e−
2i t
2 2i−1 , ξαi (x2i−1)
]
p2i+1t (x2i−1, x2i+1) dx1 . . . dx2n−1
=
∫
Mn
(
n∏
i=1
p2i−1t (x2i−3, x2i−1)fαi (x2i−1)
[
e−
2i t
2 2i−1 , ξαi (x2i−1)
])
1
× dx1 . . . dx2n−1 (by (14) and (15))
=
(
n∏
i=1
e−
2i−1 t
2 fαi (o)
[
e−
2i t
2 , ξαi (o)
])
1
=
(
n∏
i=1
e−
ti−(h+ti−1)
2 fαi (o)
[
e−
h
2 , ξαi (o)
])
1,
by (13).
Lemma 14. Suppose that (3) holds, and one of
1. ∀i ∈ {1, . . . , n − 1}: ti < t1+i , or
2. ∀(i, j) ∈ {1, . . . , n} × {1, . . . , n}: ti = tj ⇒ i = j .
Then, ∀h ∈ (0, ]∩
1. (0,min{t2 − t1, . . . , tn − tn−1}), or
2. (0,min{|ti − tj |: (i, j) ∈ {1, . . . , n} × {1, . . . , n} and i = j}),
∫
W([0,T+];M)
n∏
i=1
fαi
(
w(ti)
)(
ξαi
(
w(ti + h)
)− ξαi (w(ti)))dν(w) = 0.
1. By (12),
∫
W([0,T+];M)
n∏
i=1
fαi
(
w(ti)
)(
ξαi
(
w(ti + h)
)− ξαi (w(ti)))dν(w)
=
(
n∏
i=1
e−
ti−(h+ti−1)
2 fαi (o)
[
e−
h
2 , ξαi (o)
])
1
= 0,
since the support of fα is contained in Vα , by (3) and by Lemma 15.1(b).
2. Suppose that ∀i ∈ {1, . . . , n− 1}: ti < t1+i . Apply 1.
Appendix B
Consider a subset S of the manifold and a smooth function f . Then:
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(a) the operator of heat leaves the function f invariant, and
(b) the commutator of (i) the operator of heat and (ii) the function f , applied to a constant
is Zero.
2. The above commutator applied to the function One is the difference between (i) the operator
of heat and (ii) the identity, applied to the function f .
Lemma 15. Consider
• an element h ∈ [0,∞),
• a subset S ⊂ M , and
• a function f ∈ C∞(M).
Then,
1. if
∀s ∈ S: f (s) = 0, (16)
then, ∀s ∈ S,
(a) e−hf (s) = f (s), and
(b) [e−h,f ]1(s) = 0.
2. [e−h,f ]1 = (e−h − I )f.
1(a). e−hf (s) =∑∞n=0 n!−1(−h)nnf (s) = f (s), by (16).
2.
[e−h,f ]1 = e−hf 1 − f e−h1
= e−hf − f 1 (by 1(a))
= (e−h − I )f.
1(b). By 2,
[e−h,f ]1(s) = (e−h − I )f (s)
= e−hf (s) − f (s)
= f (s) − f (s) (by (a))
= 0.
Appendix C
Remark 2. ∀(h, r, t) ∈ [0,∞)× R × [0, T ]:
|r − t | h if and only if 0 t  T and r − h t  h+ r
if and only if max{0, r − h} t min{T , r + h}.
Let us compute the area of a neighborhood of a diagonal of a square.
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{(t1,t2)∈[0,T ]×[0,T ]: |t1−t2|h}
dt1 dt2 = −h2 + 2T h. (17)
By Remark 2, ∫
{(t1,t2)∈[0,T ]×[0,T ]: |t1−t2|h}
dt1 dt2
=
T∫
0
min{T ,t2+h}∫
max{0,t2−h}
dt1 dt2
=
T∫
0
(
min{T , t2 + h} − max{0, t2 − h}
)
dt2
=
T∫
0
(
min{T − h, t2} + h−
(
max{h, t2} − h
))
dt2
=
T∫
0
min{T − h, t2}dt2 +
T∫
0
hdt2 −
T∫
0
max{h, t2}dt2 +
T∫
0
hdt2
=
( T−h∫
0
t2 dt2 +
T∫
T−h
(T − h)dt2
)
+ T h−
( h∫
0
hdt2 +
T∫
h
t2 dt2
)
+ T h
= −h2 + 2T h.
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